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Abstract
We introduce a cohomological approach to isochore deformation problems. We use this formulation in order
to prove an isochore versal deformation theorem for holomorphic function germs.
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0. Introduction
Isochore deformation theory is a deformation theory with respect to a 5xed volume form. It was
considered classically because of its applications to physics, in particular in quantum physics for
one-dimensional problems (see e.g. [3,5]). In [16] Vey proved that the analytic isochore Morse
lemma holds provided that we allow coordinate change in the source and in the image. More
recently, Colin de Verdi>ere proved that for plane curve germs with quasi-homogeneous singularities,
monomial in5nitesimal isochore versal deformation are indeed isochore versal [2]. Then, Colin de
Verdi>ere asked whether the quasi-homogeneity condition was essential. In this note, we prove that
an isochore deformation of a function is isochore versal provided that it is in5nitesimally isochore
versal. This result answers positively to the problem posed by Colin de Verdi>ere.
Our cohomological approach shows that the methods of deformation theory can be adapted for
analytic isochore problems. Other results (global and local, for mappings and varieties) can be
obtained in the same spirit. For singular Lagrangian varieties and for momentum mappings similar
techniques can be applied as well [6,7].
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The results of this paper can obviously be adapted to real analytic map germs but I do not know
if they hold in the real C∞ category, although it is known that the isochore Morse lemma also holds
in this case [4].
1. Statement of the theorem
We denote by != dx1 ∧ · · · ∧ dxn the volume form in Cn, n¿ 1. An isochore mapping
’ :U → V; U; V ⊂ Cn
is a holomorphic mapping such that ’∗! = !. Here U , V are domains in Cn. There is a natural
notion of isochore equivalence: two holomorphic function germs f, g are called isochore equivalent
if there exists a commutative diagram
where ’ and  are biholomorphic map germs and ’ is isochore.
To a holomorphic function germ
f : (Cn; 0)→ C
is associated its relative de Rham complex
·f : 0→ On d→1f d→ · · · d→nf → 0:
Here On denotes the local ring of germs at the origin of holomorphic functions in Cn and if =
i=df ∧i−1 is the module of germs at the origin of relative holomorphic diHerentials in Cn (with
the convention 0f = On).
To the function germ f, we associate the complex
C ·f : 0→ On d→1f d→ · · · d→n−2f →On:
The last diHerential is de5ned as follows: as ! is a volume form, it induces a duality between the
module  of germs at the origin of holomorphic vector 5elds and the module n−1. This duality
sends a vector 5eld germ v∈ to the interior product of v with !:
 → n−1; v → (iv!):
The vectors which are dual to closed diHerential forms are called divergence free. The boundary
∈On of the relative diHerential form ∈n−2f , is de5ned by
= iv df;
where v is dual to d I∈n−1 and I∈n−2 is a lifting of . Remark that this boundary operator can
alternatively be de5ned by
=
df ∧ d I
!
:
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We de5ne the space I 1f to be the cokernel of the last arrow in the complex C
·
f :
I 1f =
On{∑
j vj@xjf :
∑
j @xj vj = 0
} :
(Our notation mimics the notation T 1V for the space of 5rst-order trivial deformations of a variety V
modulo trivial ones.)
The C- vector space I 1f has an f−1(OC;0) module structure and will be called the isochore Jacobian
module of f.
A deformation G of f,
G : (Cl × Cn; 0)→ C; (; x)→ G(; x)
is isochore induced by another deformation F of f,
F : (Ck × Cn; 0)→ C; (; x)→ F(; x)
if there exists a commutative diagram
where ’ is a relative isochore mapping. The deformation F of f is called the isochore versal if any
other deformation of f is induced by F . Remark that in the de5nition of equivalence of deformations,
we considered the value of the deformation as an undistinguished parameter.
It is readily veri5ed that the quotient of I 1f by the submodule generated by the cohomology class
of the constant function germ
x → 1
is equal to the 5rst-order deformations of f modulo in5nitesimally trivial deformations, where the
coordinate changes have to be isochore. Therefore a necessary condition for a deformation
F : (Ck × Cn; 0)→ C
of the function germ f to be isochore versal is that the isochore Jacobian module of f is generated
by the maps F˜ i where
F˜ i = (@iF)=0
and by the constant germ 1∈On. Like in Mather’s versality theorem [13], this condition turns out
to be suKcient.
Theorem 1. A deformation F : (Ck × Cn; 0) → C of a holomorphic function germ f : (Cn; 0) → C
with an isolated critical point at the origin is isochore versal provided that the f−1(OC;0)-module
I 1f is equal to the sum of the submodule generated by the [F˜ i]’s with the submodule generated by
the cohomology class of a constant function germ
I 1f = C{f} {[1]; [F˜1]; : : : ; [F˜k]}:
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Remark. The isochore module is a free module of rank . To see it denote by
H ′′f = 
n=df ∧ dn−2
the Brieskorn lattice of f [1]. Then, the map sending m∈ I 1f to m!∈H ′′f is an isomorphism between
the isochore Jacobian module of f and its Brieskorn lattice. Therefore, the Brieskorn–Sebastiani
theorem [1,15] asserts that we have an isomorphism of modules
I 1f ≈ OC;0;
where  is the Milnor number of f.
Example 1. Take k=0 and let f be a Morse function then the Brieskorn–Sebastiani theorem implies
that the isochore module is generated by 1. Therefore the Morse functions are the isochore stable
functions. In this particular case, we recover Vey’s isochore Morse lemma [16].
Example 2. Let us write down the in5nitesimal condition for isochore versality in case f is a
quasi-homogeneous function germ.
To do this, with Brieskorn [1] we remark that the canonical map
On=Jf → (I 1f=fI 1f)
is an isomorphism of vector spaces. (Lift a monomial basis Im1; : : : ; Im ∈On=Jf to m1; : : : ; m ∈On.
As f is quasi-homogeneous the map
f
d
df
:H ′′f → H ′′f
is well de5ned and the cohomology classes of the mi!’s are eigenvectors of this map.) Therefore,
using the Nakayama lemma we get that a basis of On=Jf lifts to a basis of I 1f. This means that
an (R − L)-versal deformation of a quasi-homogeneous function germ is isochore versal. In the
words of Colin de Verdi>ere, this is the “main non trivial result” of Ref. [2]. Our result is slightly
more general since we consider right–left equivalence and an arbitrary deformation, while Colin de
Verdi>ere considered contact equivalence and a monomial deformation of a plane curve germ.
2. Proof of the isochore versal deformation theorem
2.1. Finiteness of the relative isochore Jacobian module
Before getting into the proof of the theorem, let us rephrase a classical result from Gauss–Manin
theory (for details, we refer to [1,8–11,14]). This result is a cornerstone in the proof of the isochore
versal deformation theorem.
There is no diKculty in introducing an isochore Jacobian module with parameters, that is, an
Ok+1-module associated to a deformation of a function germ
F : (Ck × Cn; 0)→ (C; 0):
This module will be denoted by I 1F . The following result is a relative version of the Brieskorn–
Sebastiani theorem.
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Theorem 2 (Greuel [8]). If F is a deformation of a function germ f of :nite Milnor number  then
the Ok+1-module I 1F is isomorphic to O

k+1. Moreover, the restriction to  = 0 maps the isochore
module of F to the isochore module of f.
Proof. Let us explain why this theorem is a reformulation of a result from Gauss–Manin theory.
Denote by pm the modules of holomorphic diHerential of degree p in Cm and consider the mapping
germ
F˜ : (Ck × Cn; 0)→ (Ck × C; 0); (; x) → (; F(; x)):
The Brieskorn lattice associated to the mapping F˜ is, by de5nition, the F˜−1Ok+1-module
H ′′F =
n+kn+k
d1 ∧ · · · ∧ dk ∧ dF ∧ dn−2n+k
This module is isomorphic to Ok+1 ([8], Proposition 4.8). The map sending m∈ I 1F to m! ∧ d1 ∧
· · · ∧ dk ∈H ′′F is obviously an isomorphism. The result follows.
2.2. Proof of the theorem
First, we prove that a deformation F satisfying the assumptions of the theorem is isochore rigid,
i.e. any deformation of F is isochore trivial. To do this, let
G : (C× Ck × Cn; 0)→ (C; 0); (t; ; x) → G(t; ; x)
be a deformation of F . For a function germ  ∈Ok+2;
 : (C× Ck × C; 0)→ (C; 0); (t; ; y) →  (t; ; y);
we denote abusively by  (G) the map germ
 (G) : (C× Ck × Cn; 0)→ (C; 0); (t; ; x) →  (t; ; G(t; ; x)):
Lemma. The deformation G of F is isochore trivial provided that there exist a divergence free
relative holomorphic vector-:eld w and function germs  ; b1; : : : ; bk ∈Ok+2 solving the equation
LwG +  (G) +
k∑
i=1
bi@iG =−@tG: (2.1)
Proof. We search for a relative biholomorphic isochore mapping germ
’ : (C× Ck × Cn; 0)→ (Cn; 0); (t; ; x) → ’(t; ; x)
and a relative biholomorphic mapping germ
A : (C× Ck × C; 0)→ (C; 0); (t; ; y) → A(t; ; y)
such that the following equalities hold:
F = A+(G+ ◦ ’+);
(A0; ’0) = (Id1; Idn): (2.2)
(We use here standard notations Idk is the identity mapping in Ck , A+ for A(+; :; :) and so on.).
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DiHerentiating the 5rst equation of system (2.2) with respect to + at += t, we get the equation
A′t(Gt ◦ ’t)
(
d
d+|+=t (Gt ◦ ’+) + At
(
d
d+|+=t G+
)
◦ ’t
)
+
(
d
d+|+=t A+
)
(Gt ◦ ’t) = 0; (2.3)
where A′t denotes the derivative of At with respect to y (in particular A′(0) = 0).
De5ne the time-dependent vector 5eld germ vt and the map  t by the formulas
vt(’t(; x)) = dd+|+=t ’+(; x);
A′t t =
d
d+|+=t A+:
Multiplying Eq. (2.3) on the right by ’−1t and on the left by (A′t)−1, we get the equation
LvtGt +  t(Gt) + @tGt = 0: (2.4)
Standard theorems on diHerential equations imply that (’+; A+) satisfying system (2.2) can be found
provided that there exist (vt;  t) satisfying Eq. (2.4). Until here our arguments have been standard
and hold for most of the versal deformation theorems. We now come to the speci5city of our
situation.
Because the vector 5eld v(t; :) = vt comes from a relative isochore mapping, it is of the type
v=
n∑
i=1
ai@xi +
k∑
i=1
bi@i ; ai ∈On+k+2; bi ∈Ok+2;
where the vector 5eld w =
∑n
i=1 ai@xi is divergence free. Consequently, Eq. (2.4) can be written in
the form
LwG +  (G) +
k∑
i=1
bi@iG =−@tG:
This proves the lemma.
Denote by G˜ : (Ck+1 × Cn; 0)→ (Ck+2; 0) the map germ de5ned by
G˜(t; ; x) = (t; ; G(t; ; x)):
We interpret Eq. (2.1) cohomologically by saying that G is an isochore trivial deformation of F
provided that the cohomology class
[@tG]∈ I 1G
belongs to the G˜−1Ok+2-module
M = Ok+2{[1]; [@1G]; : : : ; [@kG]}:
We assert that M = I 1G which implies in particular that the cohomological equation can be solved.
As I 1G is a Ok+2-module of 5nite type, the Nakayama lemma implies that M = I
1
G provided that
the image of M under the projection
/ : I 1G → (I 1G=MI 1G)
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is equal to I 1G=MI
1
G. Here as usual M denotes the maximal ideal of the local ring Ok+2. Theorem 2
implies that there is a canonical identi5cation
(I 1G=MI
1
G) ≈ (I 1f=fI 1f)
and the condition /(M) = (I 1f=fI
1
f) reduces to the in5nitesimal condition
/(M) = C{[1]; [F˜1]; : : : ; [F˜n]}=(fI 1f);
which is by the Nakayama lemma equivalent to our initial assumption on F . This proves the assertion.
We have proved that F is rigid.
The rest of the proof is a routine whose original idea goes back to Martinet [12]. Namely, put
f = F(0; :) and let now G be an arbitrary s-parametric deformation of f = F(0; :). We de5ne the
sum of F and G by the formula
(F ⊕ G)(; ; x) = F(; x) + G(; x)− f:
The restriction of this deformation to  = 0 is equal to G. Therefore, G is isochore equivalent to a
deformation induced by F provided that F ⊕ G is an isochore trivial deformation of F . Denote by
Fj the restriction of F ⊕ G to j = · · ·= s = 0. We have F1 = F and Fs = F ⊕ G.
As Fj−1 is isochore rigid, Fj is an isochore trivial deformation of Fj−1. By induction, we get that
Fs = F ⊕ G is an isochore trivial deformation of F1 = F . This concludes the proof of the theorem.
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